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Using the vanishing of Galois cohomology of algebraic groups defined over 
finite fields, due to S. Lang, we further our study of the splitting properties 
of the automorphism groups of finite Chevalley groups. We show that under 
suitable restrictions on the base fields there are no complements for the inner 
automorphism groups in the automorphism groups of Chevalley groups. The 
results are somewhat complementary to the author’s work on the same problem, 
in another paper. 
1. INTRODUCTION 
We wish to study here an extension problem for the automorphism 
groups of a large class of finite simple groups. We shall see how the study 
can be done profitably with the aid of linear algebraic groups. 
The family of groups that we consider are those introduced by Chevahey 
in [l]. This includes some known classical linear groups, e.g., of the type 
Al, &, C1 and & (cf. R. Ree [6]), as well as those which are called 
exceptional types, e.g., Ei , F4 and G, . We restrict our attention to only 
finite groups, i.e., where the base fields over which such groups are 
constructed are finite. We shall refer to them collectively as groups of 
Chevalley type or Chevalley groups. 
The problem is to look for a complement for the inner automorphism 
group I(G) in the full group A(G) of automorphisms of a Chevalley 
group G, i.e., to look for a subgroup C of A(G), such that 
C * I(@ = A(G); C n I(G) = e, (1.1) 
where e is the group consisting only of the identity automorphism of G. 
Results of this paper are somewhat complementary to the author’s work 
in [5]. For example, the problem is completely solved for the groups of 
the type B1 , C, and E, , where the required complement exists if and only if 
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eitherp = 2 or the even part of (p” - 1) exceeds that of (p - 1), G being 
constructed over GFL(pn). 
The group is supposed to be based on pn elements (p odd). For those 
types where the problem is not settled (existence of complements trivially 
follows for G, , Fp , Es, for Bt , CI and DL with p = 2; for Al with g.c.d. 
cl+ 1, pa - 1) = 1 and for E,, with pn z 1 (mod 3); cf. [5]), we do not 
have complete result. Nevertheless there are indications of having situations 
similar to those of B1 , Cz , E, with oddp. 
We now turn to some basic definitions and statements of some funda- 
mental results of linear algebraic groups, (Chevalley [2]) that we shall need 
in our work. Let Q be an algebraically closed field. By an algebraic set 
we mean an Q - 9 algebraic set. Zariski topology, where closed sets are 
algebraic sets, is used. A linear algebraic group is an affine algebraic set 
over 0 together with mappings (x, J) t+ xy and x t+ x-l which are 
morphisms of algebraic sets, satisfying usual groups axiom. We can look 
upon a linear group as a closed subgroup of some G&(D). 
Let G be a (linear) algebraic group, G is called simple if it is connected, 
non-abelian and has only finite, non-trivial normal (algebraic) groups. 
Let L be a subfield of LR. G is said to be defined over L if the ideal i(G) 
has basis consisting of polynomi als with coefficients from L. 
2. C&VALLEY GROUPS 
We recall briefly the construction and some basic results about Chevalley 
groups. Let L, be a simple Lie algebra over the field C of complex numbers; 
and let 2 denote the set of (non-zero) roots for L, w.r.t. some (fixed) Cartan 
sub-algebra. 
Let P denote the group of weights of representations of L, and let P, 
denote the subgroup generated by roots Z: Let 7~ and 17 denote the set 
respectively of fundamental roots and the positive roots w.r.t. a fixed 
well-ordering of the group P, . A set of generators {X, , h, , r E 2) for L, 
is selected which satisfy the results of Theorem 1 of Chevalley [l]. The 
complex field can now be replaced by an arbitrary field F to obtain a Lie 
algebra Lp over F, for which one can define in a natural way automorphisms 
x9(t) = exp(ad(tX,.)), t E P, r E 2. The group (G’ in [1]) generated by x?(t), 
r .E &‘, t E F is called the Chevalley group based on F. 
Let x be a discrete character of P,, i.e., homomorphism of P, with 
values in F*, the non-zero elements of F; and let h&) denote the automora 
phism of LF such that X, H x(r) X, and h, H h, . If H = Hom(Pr, F*) 
then h: x H h(x) defines an isomorphism of B into automorphism group 
of Lp . We identify H with its image under h. 
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Let H denote the set of those characters of P, which can be extended 
to those of P. We state certain results whose proofs are readily available 
in [l]. 
R normalizes G and G n R = H. Hence, if I? = GR then 
G/G gg n/H. (2.1) 
If F is a finite field, the values of j a/H j are known (cf. p. 64, [l]). 
Let W be the Weyl group generated by the reflections w, , w.r.t. r E z‘. 
For each w  E W, there is w(w) E G such that w(w) x,.(t) o(w)-l = 
%Jwcto. (2.2) 
Let U be the group generated by x,.(t); r E Ii’, t E F. 
UR is the normalizer of Uin G. (2.3) 
For w  E W define U, to be the subgroup generated by those x,(t) for 
which r is positive and w(r) is negative. 
(Bruhat Decomposition). The sets Unw(w) U,; w  E W, are the 
distinct double cosets of G relative to Vi?. Hence for each element 
x E c; x = xxw(w)u,; u E U, x E R, u1 E U,. Also x E G iff x E H. (2.4) 
From now on we assume that Kis a finite field ofp” = q elements and k 
the prime subfield. Let Q be the algebraic closure of K and, for each 
integer m, let k, denote the extension of degree m of k. Let G and 0 
denote the Chevalley groups based on K and Q resp. If BK denotes the 
points of 0 which are rational over K then by Ono [4], OK = G as linear 
groups. Thus we can (and do) identify E with this subgroup of 0. 
The group 0 is a simple algebraic (adjoint) group defined over the 
prime field k (cf. Steinberg [7]). For y E 0, let y(p) denote the point 
obtained by raising coordinates of y to their pth power. This is a rational 
map over k and, as 0 is defined over k, it fixes 0. Note that the entries 
of the matrix representing x,(t) consists of polynomials in t with integral 
coefficients (cf. Chevalley [l]). Hence x,(t)(“) = xX@. As IR is an alge- 
braically closed field and x,(t), r E .?Y, t E K generate 0, it follows that 
y I-+ y(D) is an algebraic endomorphism of 0. The kernel of the map has 
dimension 0. Being a discrete normal subgroup of the connected group 0, 
the kernel is central and the map is an isogeney. But 0 has trivial center 
(cf. Steinberg [7]). Hence the mapping y t+ y(p) is an automorphism for 
the underlying abstract group (field automorphism in [8]). Since taking 
pth root is not a rational mapping, this is not an algebraic automorphism 
of 0. This is the fact which plays an important role (although indirectly) 
in our work. The set of points of 0 fixed under mth power of this map is 
precisely the set of those points which are rational over km . 
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We now consider the map 
qJ: y t-+ y’@y-l. (2.5) 
This is a rational map of 6 into itself. Lang (cf. [3]) has shown that v 
is surjective. Regard G is a subgroup of 6. Although, v maps G into itself, 
its restriction to G need not be surjective. For, let x E G. Then by [3] there 
is a y in Q such that x = y@)y-l. Hence K( y)pK = K(y) and so K(y) is 
a separable algebraic extension of K; i.e., y, in general, need not be even 
rational over K. We shall see, however, that in special cases y can be 
selected not only as rational over K (i.e., lying in G) but also as an element 
in G. 
3. AUTOMORPHISMS OF CHEVALLEY GROUPS 
We now outline some results of the automorphism group of G, which 
are fully discussed in [8]. 
G, having trivial center, is identified with its inner automorphism group. 
Each x E H gives rise to automorphism of G such that 
w)” = x,(x(r>t>; (r E 2, t E K). 
These are the “diagonal automorphisms” identified with x E i7. 
G, as a linear group over K, admits “field automorphism.” 
(3.1) 
f: x7(t) ++ x,(P) induced by automorphism t b tP of K. (3.2) 
The cyclic group F of order n generated by f is the group of field auto- 
morphism. 
Finally, symmetries of the Dynkin diagram lead to automorphisms of G. 
This gives rise to extra automorphisms for groups of types AzDz , and E6 . 
Also, if K is of characteristic 3 and G is of the type Gz , or K is of charac- 
teristic 2 and G is of the type F4 or B, , an extra automorphism is obtained. 
Automorphisms discussed in this paragraph are called graph automor- 
phisms, and the group I’ generated by them is called the group of graph 
automorphisms. 
Let A denote the group of all automorphisms of G. Then by Steinberg 
[8], A = l?FZG. 
LEMMA 3.4. Suppose G has a complement C in A and let N be a subgroup 
of A. Let v be a mapping from N into G such that r&z) = g where g E G, 
n E N and ng E C. Then F is a co-cycle, i.e., F(nn’) = cp(n)“‘pl(n), n, n’ E N 
(here xv = y-lxyfor x, y in A). If v spIits w.r.t. x E A; i.e., ifv(n) = x”x-I, 
n E N, then it splits w.r.t. smoe y E G. Also N C yCy-l. 
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Proof. Since each n E N has a unique representation n = cg, c E C, 
g E G, cp is well defined, and as C is a complement, it is a co-cycle. 
Suppose there is an x in A such that 
q(n) = xnx-1; n E N. 
Let n = cg. Then y(n) = g-l = x”x-~. Hence 
x-lcx = x-lng-*x = nx-*g-lx I n. 
Let x = c1 g,; c1 E C, g, E G. Since elements of A can be uniquely 
expressed as a product of elements from C and G, the last equation gives 
us c;%c, = c. Hence 
-1 -1 -1 
g, cg,=g, Cl cc,g,=x 
-1 
cx=n, 
and 
n = gT1cgl = g;‘ng-lgl = ngLngvlg, ; 
i.e., 
N c gxg1, geG 
and 
944 = g-l = g,w, g, E G. 
The lemma is complete. 
LEMMA 3.5. Suppose G has a complement C in A. Then there existsg E G 
such that F C g-‘Cg. 
Proof. By Lemma 3.4, we have only to show that the co-cycle corre- 
sponding to the group F splits w.r.t. some y in A. 
Let f be the generator of F discussed in (3.2), and suppose f = cx-l, 
c E C, x E G. Since f R = e, we have cn = e and hence 
X(PP-1X(“)n-2 . . . x(“)x = e 
i.e., x is a point of 6 which is rational over the field K = k, and which 
satisfied the above relation. Hence by S. Lang [3], there is y E 6, rational 
over K, such that 
Since y is rational over K, y E C C A. Now the co-cycle cp (of Lemma 3.4) 
for Fis given by y(f) = x = ~+~)y-’ and I = y(p‘)y-‘, 1 < i < n - 1. 
v, therefore, splits w.r.t. y E A and the result follows. 
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THEORFM 3.6. Suppose we are working under the following cases: 
(a) / K I = Pen, p an oddprime when G is one of type Bl , C, , DzI or E, . 
(b) (KI =p2nifp = 1 (mod4)and 
) K ( = p4n ifp E 3 (mod 4) when G is of type D21+I. 
(c) 1 K) =p3” ifp = 1 (mod3) and ) KI =p”” gp = 2 (mod3), 
when G is of type E, . 
Then the inner automorphism group I(G) has no complement in the 
automorphism group A(G). 
Proof. We adopt the notation of earlier part of (3). 
Suppose the contrary and let C be a complement for G in A. If g is an 
element of G, g-lCg is also a complement for G. Hence, by Lemma 3.5 
we can assume without any loss of generality, that F is a subgroup of C. 
Let f be the generator of F, f : x t+ x(P). 
Let C, = C n G. Then C, s G/G z a/H, where R/H is a finite cyclic 
group except for the group of type Dzl where it is a Klein Four group 
(cf. Chevalley [I]). The field automorphisms and the graph automorphisms 
normalize G (cf. Steinberg [8]). Hence C, is normal in C. Let c E C, . 
Then, as an element of G we can write c as c = uxw(w) u1 , where u E U, 
u1 E uw 3 w  E Wand x E i?. We note here that, since c $ G, x E B - H; i.e., 
x, as a character of the group P, , cannot be extended to that of P. 
Let {oli}E=r denote the set of fundamental roots. Here 1 = rank L, . 
Then 01~ forms basis for the group P, . 
Let a denote the generator of the cyclic group K* of non-zero elements 
of K. We study different types of groups, individually. 
B1 , C, and E, 
In this case C, is a group of order two. Since K is assumed to have Pzn 
elements, the generatorfof the group F is of order 2n. Let c generate C, . 
Sincefnormalizes C, , it centralizes c. Let c = uxw(w) u, be the presenta- 
tionofcasanelernentofG,whereuEU,~~EU,,wEWandxEB-H. 
It can be easily shown that uf E U, urf E U, and We = w(w). The last 
equation follows from the fact that p is an odd prime. 
We also have xf = x”. Hence ufx%(w) urf = uxo(w) u1 . By uniqueness 
of such expression, xp-l is the identity character of P, . Since x E i!i - H 
and I H/H 1 = 2 there must exist an integer i, 1 < i < I such that x(&J 
is an odd power, say a2m+l of 4, where m is an integer. 
Hence 
(2m + l)(p - 1) E 0 (modp%” - 1). 
Since (p”” - 1) = (p - l)(pan-l + *a* + p + 1) and p is an odd prime, 
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the last equation is a contradiction, and (a) of the theorem is proved except 
for Dzl . 
Group of the type Dzz 
In this case C, g R/H is a Four group. Sincef normalizes C, , either f 
fixes a non-identity element or f 3 fixes each member of C, . Let c E C, 
such that c is fixed under f or f 3, as the case may be. If c = uxw(w) u1 is 
the usual presentation of c, then x”-l or x(p8-l) is the identity character 
of P, . As x2 can be extended to P (since R/H is a Four group) x(cyJ = 
azm+l for some LYE . Hence either 
or 
(p - 1)(2m + 1) = 0 (p2” - 1) 
(p3 - 1)(2m + 1) = 0 (p”” - 1). 
. 
Since p is odd, this is a contradiction and the proof of part (a) of the 
theorem is complete. 
Group of the type D1, I = odd 
Under the condition of our theorem (b), C, s R/H is a cyclic group 
order four. Let c = uxw(w) a2 be a generator of C, , with the usual nota- 
tion. Since R normalizes G and also normalizes U (cf. (2.3)), c = xx, 
x E G; c2 = x2x1 , x1 E G, and c3 = x3x2, x2 E G. Since C n G = e, none 
of x, x2, or x3 can be extended to a character of P. As f normalizes C, 
there are two possibilities: Case (I), cf = c; and Case (2), cf = c3. 
Case 1. cf =c. 
Then xf’-l = 1. By above argument (p - 1) = 0 (mod 4). Let x(aJ = 
a”i. If each mi is even, then x = xl2 for some x1 E R, and hence x2 = xl4 
could be extended to a character of P, which is not possible. Hence, for 
some i, mi = 2m + 1. Since x*-l = 1 and / K I= p2” in this case (i.e., when 
p = 1 (mod 4)) we have 
(2m + 1) = 0 (mod(p2” - I), 
which is a contradiction. Hence case (1) is not possible. 
Case 2. cf = 3. 
Hence &” = c. Then kep2w(w) uf” = up(w) u1 , so x(p’-l) = 1. We 
note that cf = c3 = x3x2, x2 E G. Hence ufx%~(w) ulf = x3x2, i.e. XP-~ 
can be extend to a character of P (i.e., (p - 3) 3 0 (mod 4)). K is assumed 
to have p4n elements. Let ~(a~) = a2m+1. Then 
(p2 - 1)(2m + 1) E 0 (modp4” - 1). 
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But (p*n - 1) = (~2 - l)(~~(~+l) + p2(2n-2) + a** + p2 + I), where 
(p2(2n-1' + .*. +p2 + 1) is even. So we get a contradiction and part (b) 
of the theorem is proved. 
Group of the type E, 
Since K = 1 (mod 3), a/H g C, is of order three. If c, = uxw(w) u1 is a 
generator of C, , then f 2 fixes c1 . Hence xp’-l is the identity character. 
For some integer i, 1 < i < 6, ~(a$) = a %i, where mi is not divisible by 3. 
Then 
(p2 - 1) mi = 0 (mod(l K [ - 1)). 
Now if r is any integer such that 
(3.7) 
then 
pr s 1 (mod 3), 
Here ) m I3 denotes the greatest power of 3 that divides m. Hence (3.7), 
under the conditions of part (c) of our theorem leads to a contradiction. 
This completes part (c) and the theorem. 
Remark. R. Steinberg [9] has extended the result of Lang [3] in the 
following form. 
(*) Let G be a connected linear algebraic group and u an algebraic 
endomorphism of G onto G such that G, , the group of fixed points, is 
finite. Then the map x t+ x0x-l is surjective for G. 
For example, if G is a connected linear group defined over a finite field 
of q elements and cr: x H X(Q) is the Frobenius map then G, is the set of 
points rational over the finite field and hence a finite set. By (*), x t+ x(Q)x-~ 
is surjective. This is Lang’s theorem. 
Let us consider one of our unsettled cases in this general context (*). 
Take G of type D2r with base field K of p2n+1 elements (p odd). Let 8 be 
corresponding algebraic group based on Q, the algebraic closure of K. 
We observe that a graph automorphism v plays an equally important role. 
Unlike a field automorphism, 9 is an algebraic automorphism of 8. By 
dichotomy (10.13, [9]) BP, is not finite and our argument fails here. Suppose 
we take u = fy, v2 = 1, where f is the field automorphism. Since f is not 
an algebraic automorphism. the same holds for u. Hence 05, is finite and 
by (*), the map x b x0x-l is surjective. Let C be a complement for G in A 
(notation of (3)). After a suitable change of notation, we can take cr = CX-l, 
c E C, x E G such that xf = x and xv = x-l. We note that f-p = cpJ as y 
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comes from the symmetry of the Dynkin diagram of type I& . Let y E 8 
such that 
x = yy-1. 
But then yf* = y, J@) = y, i.e., y is rational over kz . Since K = k2n+l , 
y is not rational over K, and we do not have results like Lemma 3.5. 
We close this discussion by mentioning that a modification of Theorem 
3.6 should be possible for the groups (of twisted type) developed by R. 
Steinberg in [lo]. 
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